We apply the transformation of mixing azimuthal with wrapped coordinate to the 11D Mtheory with a stack N M5-branes to find the spacetime of a stack of N D4-branes with magnetic field in 10D IIA string theory, after the Kaluza-Klein reduction. With (without) performing the T-duality and taking the near-horizon limit the background becomes the Melvin magnetic field deformed AdS 5 ×S 5 (AdS 6 ×S 4 ). We also apply a Lorentz boost on the coordinates of N M5-branes and a transformation of mixing time with wrapped coordinate to obtain the background with inhomogeneously Melvin electric field deformation. Although the found supergravity solutions represent the D-branes under the external Melvin field flux of RR one-form we use a simple observation to see that they are also the solution of Dbranes under the external Maxwell field flux. The relations between using above supergravity solutions and those using other backgrounds in recent by many authors to investigate the holographic gauge theory with external Maxwell electric and magnetic fields through D3/D7 (D4/D8) system are discussed. We also investigate the Wilson loop therein and show that Maxwell magnetic field will increase the quark-antiquark potential and that the Maxwell electric field could increase the quark-antiquark potential only if the direction of quarkantiquark pair does not orthogonal to the electric field.
Introduction
The holographic gauge/gravity correspondence has been used extensively to investigate properties of strongly coupled gauge theories [1] [2] [3] [4] . This method has also been studied in various external conditions, including nonzero temperature [3] and background electric and magnetic fields [5] [6] [7] [8] [9] [10] , in which it exhibits many properties that are expected of QCD.
The background magnetic field are particularly interesting in that they may be physically relevant in neutron stars. The background magnetic fields have also some interesting effects on the QCD ground state. The basic mechanism for this is that in a strong magnetic field all the quarks sit in the lowest Landau level, and the dynamics are effectively 1+1 dimensional, where the catalysis of chiral symmetry breaking was demonstrated explicitly, including the Sakai-Sugimoto model [8] [9] [10] [11] .
A method for introducing a background magnetic field has been previously discussed in the D3/D7 model in ref. [5] (The approach was first used to study drag force in SYM plasma [12] .). The author [5] consider pure gauge B field in the supergravity background, which is equivalent to exciting a gauge field on the world-volume of the flavor branes. This is because that the general DBI action is
Here G ab and B ab are the induced metric and B-field on the D7 probe brane world volume, while F ab is its world volume gauge field. A simple way to introduce magnetic field would be to consider a pure gauge B-field along parts of the D3-branes world volume, e.g.: B (2) = Hdx 2 ∧ dx3. Since B ab can be mixed with the gauge field strength F ab this is equivalent to a magnetic field on the world volume. Also, as the B-field is pure gauge, dB = 0, the corresponding background is still a solution to the supergravity equation of motion. Despite that the above observation is really very simple it does suffer some intrinsic problems in itself. First, although adding a pure gauge B-field does not change the backgrounds of the supergravity we does not know whether adding a pure gauge F-field will modify the background of metric, dilaton field or RR fields. Second, in considering the F1 string moving on the background geometry (such as in investigating the Wilson loop property [13] ) then, as the B-field is the gauge field to which a string can couple, the effect of B-field on the F1 string will be different from that on the F-field, in contrast to that on the D-string. Thus, it is useful to find an exact supergravity background which duals to holographic gauge theory with external magnetic field.
To begin with, let us first make a comment about our previous finding about the Melvin magnetic and electric field deformed AdS 5 × S 5 [14] . In that paper we apply the transformation of mixing azimuthal and internal coordinate [15] or mixing time and internal coordinate [16] to the 11D M-theory with a stack N M2 branes [17] and then use T duality [18] to find the spacetime of a stack of N D3-branes with external magnetic or electric field. In the near-horizon limit the background becomes the magnetic or electric field deformed AdS 5 ×S 5 as followings.
,
As the A φ 1 and A t depend on the coordinate U and not on the D3 brane worldvolume coordinates t, x 1 , x 2 , x 3 it is not a suitable background to describe those with external magnetic or electric field.
In section II and III we apply the transformation of mixing azimuthal with wrapped coordinate to the 11D M-theory with a stack N M5-branes to find the spacetime of a stack of N D4-branes with magnetic field in 10D IIA string theory, after the Kaluza-Klein reduction. With (without) performing the T-duality and taking the near-horizon limit the background becomes the inhomogeneously Melvin magnetic field deformed AdS 5 ×S 5 (AdS 6 ×S 4 ). In section IV we apply a Lorentz boost on the coordinates of N M5-branes and the transformation of mixing time with wrapped coordinate to obtain the background with inhomogeneously Melvin electric field deformation. Although the supergravity solutions represent the D-branes under the external Melvin field flux of RR one-form we have used a simple observation to see that they are also the solution of D-branes under the external Maxwell electromagnetic field. And we use the background to investigate the holographic gauge theory with external Maxwell electromagnetic field flux. We discuss the relations between using above supergravity solutions and those using in recent by many authors to investigate the holographic gauge theory with external electric and magnetic field through D3/D7 (D4/D8). We also investigate the Wilson loop therein. The last section is devoted to a short conclusion.
2 Supergravity Solution with Melvin Magnetic Field :
D4 Brane
The bosonic sector action of D=11 supergravity is [19] 
Using above action the full N M5-branes solution is given by [17] 
in which H is the harmonic function defined by
Following the Melvin twist prescription [15] we transform the angle φ by mixing it with the wrapped coordinate x 5 in the following substituting
Using the above substitution the line element (2.2) becomes
As the relation between the 11D M-theory metric and string frame metric, dilaton field and magnetic potential is described by
the 10D IIA background is described by
in which A φ is the Melvin magnetic potential and A tzwrφ is the RR field. In the case of B = 0 the above spacetime becomes the well-known geometry of a stack of D4-branes. Thus, the background describes the spacetime of a stack of D4-branes with Melvin field flux. In the Horizon limit the above background becomes
.
(2.9)
The EM field tensor calculated from A φ is
RR Field vs. Maxwell Field
Note that after the Kaluza-Klein reduction by (2.6) the D=11 action (2.1) is reduced to the type IIA bosonic action which in the string frame becomes [20, 21] 12) in which F M N is the field strength of the Kaluza-Klein vector A φ in (2.8).
Above relation shows a distinguishing feature of the NS sector as opposed to the RR sector: the dilaton coupling is a uniform e −2Φ in the NS sector, and it does not couple (in string frame) to the RR sector field strengths. It is this property that we shall interprete the field strength F M N as the RR field strength and associated Kaluza-Klein vector as the RR one-form. Therefore our solution (2.7) shall be interpreted as the supergravity solution of D4 branes under external RR one-form which has a special function form in (2.8).
Also, as the NS-NS B field shown in the action is through the strength tensor F M N P , which becomes zero if B field is a constant value, we can introduce arbitrary constant B field without break the solution form of (2.7). In short, the supergravity solution is not modified by a constant B-field since F M N P = dB = 0 and does not act as a source for the other supergravity fields. This property has been used in [22] to construct the supergravity solution duals to the non-commutative N = 4 SYM in four dimensions.
Let us now introduce an external Maxwell electromagnetic field into the D4 branes system. In this case we have to add the following Maxwell field strength term into the action (2.12) : 13) and try to find the associated supergravity solution. However, as the Maxwell field strength term has a same form as the RR field strength (term of 1 4 F M N F M N in (2.12)) the supergravity solution of D4 branes under external RR field strength has a same form as the D4 branes under external Maxwell field strength. It is this simple observation that although the supergravity solution represent the D4-brane under the external Melvin field flux of RR one-form we see that it is also the solution of D4-brane under the external Maxwell electromagnetic field. In this paper we will use the found supergravity solution to investigate the dual gauge theory under the external Maxwell field.
Sakai-Sugimoto Model under Maxwell Magnetic Field
To investigate the Sakai-Sugimoto model [11] on the above supergravity background we consider a D8-brane embedded in the D4 branes background (2.9) with t → τ and U = U(τ ). Then the induced metric on the D8-brane is given by
Above induced metric will produce the following Lagrangian density for the probe D8 brane
This is our one of main result. Note that the corresponding Lagrangian density considering in other authors [8] [9] [10] for the constant external magnetic field B 0 is 16) which is just the particular case of r = 0 in (2.15). For the case of r = 0 we see that there is a factor (1 + B z (r) 2 r 2 ) in the Lagrangian density which will contribute an extra correction to the probe D8 brane. This was not seen in the previous publications [8] [9] [10] and reflects the inhomogeneity of the Melvin magnetic field. It is surprised that although our metric (2.9) is different from those used in [8] [9] [10] our Lagrangian density (2.15) has a very similar form with them. Finally, it shall be remarked that such a coincidence does not means that the previous studies [8] [9] [10] have produced a corrected result for the dual gauge theory with constant external Maxwell field, while our investigations have produced a corrected result for the dual gauge theory with inhomogeneous Maxwell field. It remains to find the analytic supergravity solution under a constant external Maxwell field.
3 Supergravity Solution with Melvin Magnetic Field :
D3 Brane
We could also perform the T-duality transformation [18] on the coordinate w for the spacetime of a stack of D4-branes with Melvin field flux (2.7). The result supergravity background which describing the 10D IIB background of D3 brane with external magnetic field is
(3.1) 2) in which A φ is the Melvin magnetic potential and A tzrφ is the RR field. In the Horizon limit the above line element becomes 
Karch-Katz Model under Maxwell Magnetic Field
Now, we first express the line elementŨ 2 +Ũ 2 dΩ
ing the method of Karch and Katz [10] we introduce D7 probe branes with coordinate (t, z, r, φ, ρ, Ω 3 ), which is embedded on D3 brane, and the value L(ρ) specifies the distance between D3 and D7 brane. As there are the light modes coming from strings with one end on the D3-branes and the other one on the D7-brane, which will give rise to quark hypermultiplet in the fundamental representation, the investigations about the linearized fluctuations of L(ρ) will give the mesonic excitations in the dual gauge theory. Note that if the D3-branes and the D7-brane overlap, i.e L(ρ) = 0 the hypermultiplet will be massless as the distance between D7-brane and D3-branes is proportional to the hypermultiplet mass [10] . Using the above ansatz of embedding coordinate of D7 brane we can use the DBI action (1.1) to find the following Lagrangian density for the probe D7 brane
in which
The corresponding Lagrangian density considering in other authors [5] [6] [7] for the constant external magnetic field B 0 is
which is just the particular case of r = 0 in (3.4). The previous investigations used (3.5) to study the fluctuations of L(ρ). They had found the meson spectrum therein [5] [6] [7] [8] [9] [10] . In our case with Melvin field, we shall use (3.4) to study the fluctuations of L(ρ) to obtain the meson spectrum. Now, as the meson position is at a fixed position r the overall factor (1+B z (r) 2 r 2 ) is just a constant value, which is irreverent to the variable ρ in the differential equation of L(ρ). Thus, the previous results, found by other authors, multiples this simple factor is just the meson spectrum under the Melvin magnetic field. This is our main result. Note that, for the case of r = 0 we see that there is a factor (1 + B z (r) 2 r 2 ) in the Lagrangian density which will contribute an extra correction to the probe D7 brane. This was not seen in the previous publications [5] [6] [7] and reflects the inhomogeneity of the Melvin magnetic field.
Let us make following comments to summarize above results. 1. The induced metric of D7-brane on the D3-brane with NS-NS field, B = B 0 dy ∧ dz, used by previous authors [5] [6] [7] [8] [9] [10] is
, (3.6) which produces the Lagrangian density (3.5). On the other hand, the induced metric of D7-brane on the D3-brane with inhomogeneous Melvin field F xy = B (1+B 2 r 2 ) 2 , used in this paper is
which produces the Lagrangian density (3.4). It is surprised that although our metric (3.7) is different from (3.6) the Lagrangian density (3.4) and (3.5) have a very similar form. 2. In calculating the meson mass we have to consider the fluctuations for ρ (not the coordinate r [5] [6] [7] [8] [9] [10] ). From the Lagrangian density (3.4) we see that it appears the coordinate r, which reflects the inhomogeneity of the Melvin magnetic field, and meson mass will depend on the position r. In this calculate the coordinate r is fixed to be a constant which specifies the position of the meson. On the other hand, the Lagrangian density (3.5) does not appear the coordinate r, which reflects the homogeneity of the NS-NS field, and meson mass will not depend on the position r.
3. Comparing our results with others [5] [6] [7] [8] [9] [10] we see that the Melvin magnetic field and NS-NS field could have the same effect on the meson only at the particular position r = 0 4. As the meson we are interesting is at a fixed position r the overall factor is just a constant value. However, in investigating the quark potential by Wilson loop we see that the loop may have non-constant value of r and the magnetic field on the the quark potential will become nontrivial, as investigated in below.
Wilson Loop under Maxwell Magnetic Field
Following the Maldacena's computational technique the Wilson loop of a quark anti-quark pair is calculated from a dual string [13] . The string lies along a geodesic with endpoints on the AdS 5 boundary representing the quark and anti-quark positions.
The first case we consider is that the background string with ansatz
with a fixed value of r. The Nambu-Goto action becomes 9) in which T denotes the time interval we are considering. As the overall factor (1
is a constant the property of the quark potential could be analyzed as before [13] and quark potential will have an overall factor (1 + B z (r) 2 r 2 ).
The second case we consider is that the background string with ansatz
The Nambu-Goto action becomes
As the factor (1 + B z (r) 2 σ 2 ) is not a constant value and value of σ is −L/2 < σ < L/2, were L is the inter-quark distance, the string energy will be less than that in the first case in which the quark and antiquark sit at r = L/2. Also, As the factor (1 + B z (r) 2 σ 2 ) > 1 the string energy will be larger than that without magnetic field.
In summary, our investigation has shown that the effect of magnetic field is to increase the quark-antiquark potential and its effect will depend on the direction of field with respect to the direction of quark-antiquark pair.
Supergravity Solution with Melvin Electric Field

D4 Brane under Maxwell Electric Field
To find the D4 brane with external electric field we first perform the Lorentz boost on the coordinates of N M5-branes (2.2) by the following substituting [16] 
where
and make a transformation of mixing time with wrapped coordinate
After using the Kaluza-Klein reduction formula (2.6) the background of D4 brane with external electric field is described by
, (4.5) in which A φ is the Melvin electric potential and A txyzw is the RR field. Using the discussing in section 2.1 we will "regard" the 1-form A φ as the Maxwell potential and not the RR field. In the case of E = 0 the above spacetime becomes the Rinder-type geometry of a stack of D4-branes.
In the Horizon limit the above background becomes
, (4.7)
The EM field tensor calculated from A t is
Now, the Sakai-Sugimoto model [11] on the above supergravity background will produce the following Lagrangian density for the probe D8 brane
The corresponding Lagrangian density considering in other authors [8] [9] [10] for the constant external electric field E 0 is 10) which is just the particular case of z = 0 in (4.9). For the case of z = 0 we see that there is a factor 1 − 1 4 E 2 z 2 in the Lagrangian density which will contribute an extra correction to the probe D8 brane, reflects the inhomogeneity of the Melvin electric field.
D3 Brane under Maxwell Electric Field
We could also perform the T-duality transformation [18] on the coordinate w for the spacetime of a stack of D4-branes with Melvin field flux (4.4). The result supergravity background which describing the 10D IIA background of D3 brane with external electric field is
(4.11)
. (4.12)
In the Horizon limit the above line element becomes
The EM field tensor F tz is as that in (4.8). Note that above line element shows a term
which become singular at Ez = 2. Thus, our formula could be applied only if
Following the previous prescription, the Karch-Katz model [10] on the above supergravity background will produce the following Lagrangian density for the probe D7 brane 14) in which
The corresponding Lagrangian density considering in other authors [5] [6] [7] for the constant external electric field E 0 is 15) which is just the particular case of z = 0 in (4.14). For the case of z = 0 we see that there is a factor (1 −
2 ) in the Lagrangian density which will contribute an extra correction to the probe D7 brane, reflects the inhomogeneity of the Melvin electric field. Following the Maldacena's computational technique we calculate the Wilson loop of a quark anti-quark pair from a dual string [13] .
with a fixed value of r. The Nambu-Goto action becomes 17) which shows that the electric field does not modify the inter-quark potential. The second case we consider is that the background string with ansatz t = τ, z = σ, U = U(σ). The Nambu-Goto action becomes
As the factor E z (z) 2 > 0 the string energy will be larger than that without electric field.
In summary, our investigation has shown that the effect of the Maxwell electric field could increase the quark-antiquark potential only if the direction of quark-antiquark pair does not orthogonal to the electric field.
Conclusion
In this paper we have constructed the supergravity background of inhomogeneously magnetic or electric field deformed AdS 5 × S 5 (AdS 6 × S 4 ). We have uses a simple observation to see that these found supergravity solutions which represent the D-brane under the external Melvin field flux of RR one-form are also the solution of D-brane under the external Maxwell field flux. We have used the found solutions to study the meson property through D3/D7 (D4/D8) system and compared it with those studied by many authors [5] [6] [7] [8] [9] [10] . We see that the prescription used by others is consistent with ours, up to an overall constant. We have also shown that the effect of magnetic field is to increase the quark-antiquark potential and its effect will depend on the direction of field with respect to the direction of quark-antiquark.
We also see that the electric field could increase the quark-antiquark potential only if the direction of quark-antiquark pair does not orthogonal to the electric field. Finally, we want to remark that the electric field deformed spacetime found in section III is the Rinder-type geometry which seems unusual. It remains to see whether it could be transformed back to the usual coordinate while remaining clear physical property.
